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Abstract 

We develop a Malliavin calculus on the horizontal path space of a totally geodesic Riemannian 
foliation. As a first application, under suitable assumptions, we prove a log-Sobolev inequality 
for a natural one-parameter family of infinite-dimensional Ornstein-Uhlenbeck type operators. 
As a second application, we obtain concentration and tail estimates for the horizontal Brownian 
motion of the foliation. 
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Log-Sobolev inequalities have extensively been studied in connection with convergence to equilib¬ 
rium for parabolic partial differential equations and hypercontractivity properties of the correspond¬ 
ing semigroup. In [3], log-Sobolev inequalities for subelliptic diffusion operators were studied by 
using purely analytic tools and then recovered in [2] by using stochastic analysis. In the present 
work, we show that those log-Sobolev inequalities actually are finite-dimensional projections of a 
family of log-Sobolev inequalities that hold on the path space lying above the diffusion process 
associated to the subelliptic diffusion operator. To prove these inequalities, we develop a Malliavin 
calculus on the horizontal path space of a foliation. This calculus is interesting in itself, and besides 
log-Sobolev inequalities, it will also allow us to prove concentration properties and tail estimates. 
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We will also single out an interesting one-parameter family of interesting Ornstein-Uhlenbeck type 
operators on the horizontal path space. Our log-Sobolev inequalities are then equivalent to hyper- 
contractivity properties of the heat semigroups generated by those operators. 

We now enter into more details of our contribution. In Section 2, we present the prerequisites 
for the reading of the paper. Most of the material here is taken from the course pD to which we 
refer for further details. Our framework consists of a totally geodesic Riemannian foliation and we 
are interested in the horizontal Laplacian of the foliation. From our assumptions, this horizontal 
Laplacian is a hypoelliptic operator that (locally) satisfies the Hormander’s bracket generating 
condition. As was proved in [7], one can prove Weitzenbock type identities for this horizontal 
Laplacian. A fundamental difference with the Riemannian case, where Weitzenbock identity involves 
one and only one operator on one-forums, the Hodge-de Rharn operator, is that in this foliated 
case, there is a one-parameter family of canonical operators on one-forms. These Weitzenbock 
identities admit several corollaries. They imply, in particular an integration by parts formula, for 
the horizontal Brownian motion, that is the diffusion generated by the horizontal Laplacian. 

In Section 3, we enter into the heart of our analysis. We first introduce the relevant Malliavin 
derivatives on the horizontal path space and prove that the integration by parts formula for the 
horizontal Brownian motion is actually the projection of an integration by parts formula that holds 
on the path space of the diffusion. This integration by parts formula goes hand in hand with a 
Clark-Ocone type representation for functionals of the horizontal Brownian motion. 

In Section 4, we adapt a method of E. P. Hsu M, to prove in our framework and from our 
Clark-Ocone representation, a log-Sobolev inequality on the path space of the horizontal Brownian 
motion. 

In Section 5, as an application of our log-Sobolev inequalities, by adapting a method of M. Ledoux, 
we provide concentration and tail estimates for the horizontal Brownian motion. 

2 Preliminaries 

Let M be a smooth and connected n + m dimensional manifold. We assume that M is endowed with 
a Riemannian foliation with a complete bundle-like metric g and totally geodesic m —dimensional 
leaves. We refer to the book of Tondeur m for a detailed account about foliations. Since our 
framework is similar to the one in mm, we also refer to these references for further details about 
the setting and notations. 
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The sub-bundle V defined from vectors tangent to the leaves is the set of vertical directions. The 
sub-bundle R which is normal to V is the set of horizontal directions. We will assume that R is 
bracket generating. 

The metric g can be split as 

9 = 9n ®9V- 

and the canonical variation of g is defined as the one-parameter family of Riemannian metrics: 

1 

9e = 9H® -9V , e > o. 

e 

The sub-Riemannian limit is e —>• 0. The Bott connection on M is defined as follows: 

f Tr H (V%Y),X,Y eT°°(R) 

V rY = *n([x,Y]),x g r°°(v),y g t°°(r) 

X irv([X, Y]),X € T°°(R),Y € r°°(V) 

^v(v$F),x,y GT°°(V) 

where is the Levi-Civita connection of g and 7r% (resp. 7Tv) the projection on R (resp. V). It 
is easy to check that for every e > 0, this connection satisfies X g £ = 0. 

For Z G r°°(TM), there is a unique skew-symmetric endomorphism Jz : R x —> Rx such that for all 
horizontal vector fields X and Y, 

g n (J z (X),Y) = g v (Z,T(X,Y)). (2.1) 

where T is the torsion tensor of V. We then extend Jz to be 0 on V x . If Z\, ■ ■ ■ , Z m is a local vertical 
frame, the operator Xw=i Jz t Jz t does not depend on the choice of the frame and shall concisely be 
denoted by J 2 . The horizontal divergence of the torsion T is the (1,1) tensor which is defined in a 
local horizontal frame X \, • • • , X n by 

n 

6 H T(X) = ^2(Xx j T)(X j ,X). 

3 = 1 

Definition 2.1 The foliation is said to be of Yang-Mills type if byT = 0. 

In this paper we always assume that the foliation is of Yang-Mills type. 

We define the horizontal Ricci curvature 91ic% as the fiberwise linear map from the space of one-form 
into itself which is such that for every f,g£ C°° (M), 

<*ic n(df),dg) = Ricci(X n f, V H g), 


where Ricci is the Ricci curvature of the Bott connection V. 



Stochastic analysis on geodesic Riemannian foliations 


4 


If V is a horizontal vector field and e > 0, we consider the fiberwise linear map from the space of 
one-forms into itself which is given by r/ G r°°(T*M) and Y G r°°(TM) by 


^vV(Y) 


j(J Y v), y g r°°(v) 
-v(t(v,y)), y g r°°(^) 


We observe that %y is skew-symmetric for the metric g £ so that V — T £ is a ^-metric connection. 
Finally, we denote by L the horizontal Laplacian acting on functions or one-forms. In a local 
horizontal frame Xi, we have 

n 

L = ^2 “ V V Xi W 

i= 1 

We now introduce a family of operators that was first considered in [Tj- For e > 0, we consider the 
following operator which is defined on one-forms by 

□ e = -(Vw - If<)*(V* - T £ n) - 7J 2 - Kk u . 


The following result was proved in jTj. 


Proposition 2.2 (Theorem 3.1 in |7j) For every f G C°°(M) and e > 0, we have 


dLf = U e df 


The completeness of the metric g implies that the horizontal Laplacian L is essentially self-adjoint 
on the space of smooth and compactly supported functions. As such it generates a sub-Markov 
semigroup P t = e? tL . 


From now on and throughout the paper, we will assume that for every horizontal one-form 77 G 

r°°(^*), 

(mic n g, rj) H > v)h < «IMw, ( 2 - 2 ) 

with K > 0, k > 0. 

By using the argument in Lemma 4.3 of E3) we see that the operator is essentially self-adjoint on 
the space of smooth and compactly supported one-forms. We denote Qf the semigroup generated 
by \U e . 

The following result was then proved in [7]. 

Proposition 2.3 (Lemma 4.1 in [7]) Let e > 0. If f G C^°(M), then for every t>0, 


dP t f = Q\df. 
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We now turn to the stochastic representation of the semigroups we are interested in. We first 
observe that from Theorem 4.2 in [7j, the semigroup Pt is stochastically complete. We denote by 
(Xt)t >o the symmetric diffusion process generated by \L. The lifetime of the process is oo. 
Consider the process rf : T* t M^T! o M which is the solution of the following covariant Stratonovitch 
stochastic differential equation: 

dtfa(X f)] = t f (v odXt - Xdx t ~ \ (jJ 2 + dt) ®( x t), hi = Id, (2.3) 

where a is any smooth one-form. It is easily seen that we have 

T t = M £ t ® e t (2.4) 

where the process 0f : T£ t M —>• T^M is the solution of the following covariant Stratonovitch 
stochastic differential equation: 

d[Q £ t a(Xt)} = B? (Vodx t ~ Zl dXt M X t), © £ o = Id (2.5) 

where a is any smooth one-form. The multiplicative functional (A4f)t>o is the solution of the 
following equation 

= (jJ 2 + KiC «) ( 0 ') _1 . Mi = Id. ( 2 . 6 ) 

Since T e is skew-symmetric, 0f is an isometry for the Riernannian metric g £ . We deduce then from 
the assumption ( 12 . 21 ) that the following pointwise bound holds 

||rf || e < eK^+f)*. 

Combining the above Proposition 2.3 and applying Theorem 4.4 in [2], we get the the same repre¬ 
sentation for the derivative of the semigroup as Corolllary 4.5 in [2], 

Proposition 2.4 Let e > 0. Let f € Cq^M). Then for every t > 0, and x € M, 

dPtfix) = E x (T?df(X t )). 

By following ideas in [2], this representation of the derivative of the semigroup allows to prove an 
integration by parts formula and a related Clark-Ocone representation. The details of the proof are 
let to the reader. 

From now on, we fix a point x € M as the starting point of the diffusion process (Xf)t>Q. The 
stochastic parallel transport for the Bott connection V along the paths of (X t ) t >o will be denoted 
by // ot . Since the connection V is horizontal, the map // ot : T X M —>• Tx t M is an isometry that 
preserves the horizontal bundle, that is, if u € TL X , then // Qt u € TLx t - The anti-development of 
( x t)t> o, 



is a Brownian motion in the horizontal space Ti x . 
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Proposition 2.5 Lete> 0. For any C 1 and adapted process 7 : R>o —>• FL X such that E x (J 0 °° || 7 , (s)||^ds) < 
00 and any f € Cg°(M), t > 0, 

Ex (f(X t ) f\y'(s),dB s ) n ^) = E x ^Tt^f(Xt)j j\ T g , *)~ 1 //q jS r y'(s)ds^j . 

Proposition 2.6 Let e > 0. For every f € Co°(M), and every t > 0, 

f{X t ) = P t f(x ) + J* (E x ((r!)-Wff(X t )\X s )J 0jS dB s ) 

3 Malliavin calculus on the horizontal path space 

In the following we are going to generalized the Clark-Ocone formula in our new setting. Let us 
first recall what is a cylinder function. 

Definition 3.1 A random variable F is called a smooth cylinder function on the horizontal path 
space W%(M) of M, if there exists a partition {0 = to < h < ^2 <, ■ — , < t n < T} of [0, T] and 
f € (^(M™) such that 

F = f(X tl ,-.. ,X tn ). (3.7) 

The set of smooth cylinder functions is denoted byC. 

Then, inspired by an idea of Fang-Malliavin in [12] and their definition of different gradients on the 
path space, we set the following definitions 

Definition 3.2 Let e > 0. For F = f(X tl , ■ ■ ■ , X tn ), / e we define the 

• Intrinsic gradient: 

n 

D!F = Y,lo,t i (m i d i f(X tl ,--- ,X tn ), 0 < t <T 

i— 1 

• Damped gradient: 

Tl 

D!F = ^l [0M }(t)(Tf)- 1 Tf i d i f(X tl ,... , X tri ), 0 < t < T. 

i= 1 

By using the intrinsic gradient, we can then define a one-parameter family of Ornstein-Uhlenbeck 
type operators by 

C £ = ~(D e )*D e 

Our main objective will be to prove an integration by parts formula for the damped gradient. We 
start with a preliminary lemma whose Riemmanian ancestor was first proved by Hsu in m- 
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Proposition 3.3 Let e > 0. Let F = f(X tl , ■ ■ ■ ,X tn ), f € C'o°(M n ). We have 

d^x(F) = E x ^ Tldif(X tl ,- •• ,X t „)j , 
where the derivative d is computed with respect to the starting point x. 

Proof. We will proceed our proof by induction. Consider a cylinder function F = f(X tl , ■ ■ ■ ,X tn ). 
For n = 1, the statement follows from Proposition 12.41 Now we assume that the proposition is true 
for the case n — 1 and we are going to show the case n. By the Markov Property, we have 


E X (F) = E x (g{X tl )), where g(y) = E y (f(y, X t2 _ tl , • • • ,X tn - tl )) 


From Proposition 12.41 we have 

dE x (F) =E(T t £ 1 dg(X tl )). 
By using the induction assumption, we have 


n 


dg(y) = E y (dif(y, X t2 - tl )) + E y C^2Tf._ tl dif(y,X t2 _ tl )) 


i=2 

Applying then the multiplicative property for rf and the Markov property again, we obtain 



□ 


With this lemma in hands, we can now turn to the proof of one of our main results. 

Proposition 3.4 (Clark-Ocone formula) Let e > 0. Let F = f(X tl , ,X tn ), f € C'o°(M ri ). 
Then 



Proof. We will still proceed the proof by induction. When n = 1, it is true from Proposition 12.61 
Now let us proceed to the case n by assuming that the formula is true for the case n — 1. We 
first represent the function F = f(X tl , ■ ■ ■ , X tn ) conditioned on starting from X tl and use the case 
n = 1. We have 


F = E Xti (/ (X tl , • • • ,X U )) + 



(3.8) 


By using the Markov property, we can then write 


Ex tl (/ (X tl , • • • ,X tn ))=g(X tl ), where g(y) = E y (f(y, ■ ■ ■ ,X tn _ tl )) 
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By using Proposition 13.31 we have 


g(X tl )=E x (f(X tir .. ,X tn _ 1 ,X tn )) + / (E^r^MXt^J^dB,). 

Jo 




i=2 


Thus by applying the multiplicative property of rf and the Markov property, we obtain 




i =2 


The proof is then completed by combining (|3.8D and (13.9|) . 


□ 


An immediate corollary of the previous Clark-Ocone type representation is the following integration 
by parts formula on the horizontal path space. 


Corollary 3.5 Let e > 0. Let F = ■ ■ , JjJ, / £ Cq°( M n ). For any C 1 and adapted process 

7 : [0,T] —> Lix such that Wy' (s)\\y^ds) < oo, 



Let us remark that this corollary proves that D £ is closable. 

4 Log-Sobolev inequalities on the horizontal path space 

In this section, we prove a family of log-Sobolev inequalities on the horizontal path space of M. To 
this end, we adapt to our setting a method which is due to Hsu [Hj (see also ED- 
Throughout the section we will assume that for every horizontal one-fornr 7 , 


\(VKchV,v)h\ < K IM&, < /c||??||^. 


(4.10) 


Theorem 4.1 For every cylindric function G € C we have the following log-Sobolev inequality. 


E x .(G 2 lnG 2 ) -E x (G , 2 )lnE x (G' 2 ) < 2e 3T(A ' + t 



We split the proof in several lemmas. 
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Lemma 4.2 We have the following inequality 


E x (G z lnG z )-E x (G z )lnE x (G z ) < 2E* U \\D £ s G\\ z £ ds 

Proof. Let us consider the martingale N s = E(G 2 |J r s ). Applying Ito’s formula to N s lnN s and 
taking expectation yields 

rt d[N] s 


E x (N t \nN t ) - E X (N 0 In A r 0 ) = ^E x Qf* 


N„ 


where [N] is the quadratic variation of N. From Proposition 13.41 we have 

dN s = 2 ^E (GD £ G | J- s ) ,// 0tS dB s 
Thus we have from Cauchy-Schwarz inequality 


t ||E ( GD £ S G | JFj 112 


l 

[ T \\D £ s G II; 

Jo 


s / lie 


N„ 


ds . 


-ds 


E x (N t In N t ) - E x (A r o In N 0 ) < 2E X 


< 2E X 


The second step is the following lemma. 

Lemma 4.3 With G = f(Xt 1 ,Xt 2 , ■ ■ ■ , Xf n ) we have the following inequality 

E, | [ T \\D £ s G\\ 2 eds) < e T ^ K +^ E ^-^11 {X tl , • • • , X t 

Jo ' (=i i=i 


□ 


2 

n ) 11 £ 


Proof. From definition 13.21 we have 

n i n n 

D e s G = E E -A) = EE Mti-iM( s )( T l)~Hdif(X tl ,X t2 ,. • • ,X tn ). 


i= 1 1=1 
Thus we have 


1=1 i=l 


e. 


( / \\D £ s G\\lds j = E / \\^( T !T lT ti(' r t l )- lT t i d if( x ti,X t2 ,--- ,X tn )\\ 2 £ ds 

\Jo J l=1 Jt l _ 1 i=l 

By our definition of rf and the assumption 14.101 we have 

n n 


2 

n 7 11 £ * 


i=l 


e t 


T \ 77, ^ 77, 

[ \\D £ G\\ £ dsj < E [ 1 ,A f J|| 2 . 

•'o / 2=1 i=i 


Hence 
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We now use the elementary inequality e c 1 < se c to get : 


E, 


D e s G\\lds ) < e 


T(K+ 1 ) tl ~ tl -1 i 

j' I 

(=1 


'52('i l r 1 Tud i f(x tl ,x tar -- ,x t . 


2 

n J 11 £ * 


i=l 


□ 


The third and final step is the following bound. 

Lemma 4.4 With G = f(X tl , X t . 2 , ■ ■ ■ , X tn ), we have 

n n 

• • ,Xtn)\\ 2 e < e 2T ^ K+ r)E x 

i=i i=i 

Proof. From Definition 13.21 we have 


\D £ s Gf £ ds 


D\F = l 0 ,u{t)%dif(X tl ,- ■ ■ ,X tq 


i =1 


Also recall from equation (12.41) that rf = A4f0f. Let us denote zi = Ya= 1 ®t-dif(X tl , ■ ■ ■ , X tn ). we 
then have 


In ) lie 


tn/lie 


ii ,x t , 

i—l 

n 

i=l 

(©h )” 1 U + E ^ M£ tX lM i - 

V z=Z+l 

n 

n+Y. iwir'Mi - (Mir'Mijz, 

From equation (12.61) and (14.101) we have 

||[(A4f i )- 1 A4f i -(Mf i )- 1 A4t 1 ]^|| e 2 < 


^±1^ e K*+?)(-*«) ds j ||^||2 


E (r^rHdifiXt ,,-• ■ ,X t J|| 2 < (1 + A)||^L 2 + (1 + Jll J\**-Vg,d8\\ 


Thus by Cauchy-Schwarz inequality, with c = (K + |) and A = |ez 

„2 rT 

i=Z ■■ ‘ J h 

where g s = ||^|| e for s € We easily deduce from that (see the argument in Lemma 4.3 in 

m for more details), 

ti-ti -1 n rT 

i=l 


E 

i=i 


EK) > X *n)lle < e 2 T( * + 2 ) f g 2 s ds. 

Jo 
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We then complete the proof by observing that 



□ 


5 Concentration inequalities 

In this section, we study concentration inequalities for the horizontal Brownian motion (Xt)t> o 
which is started at a fixed point x € M. As it is well-known, see na, concentration inequalities are 
closely related to log-Sobolev inequalities. 

We assume throughout the section that for every horizontal one-form ry € r oo ('H*), 

(Wic H V, v)n > -K\\v\\h, ~ (J 2 {v),v)h < «||7 /|| 2 n , (5.11) 


with K > 0, k > 0. 

For e > 0, we denote by d £ the distance associated with the Riemannian metric g £ . To get a 
concentration bound for the distance d e , we adapt an argument from Ledoux m (see also [15]). 


The following lemma is a consequence of Herbst argument (see m page 148) applied to the log- 
Sobolev inequality in Lemma 14.21 

Lemma 5.1 Let e > 0. Let F S Dom(L £ ). If there is a constant C > 0 such that 

D e s F\\ 2 ds < C, 

almost surely, then for every r > 0, 

P x (F - E X (F) >r)< exp (-^ 2 ) . 



where o 2 = E x IJg \\D £ Q F\\ 2 ds 


The previous lemma implies the following concentration inequality. 


Proposition 5.2 Let e > 0. We have for every T > 0 and r > 0 


sup d £ (X t ,x)> E a 

,o <t<T 


sup d £ (X t ,x) 
0 <t<T 


+ r < exp — 


2 Te 


{K+j )T 


(5.12) 
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Proof. Let 


F = ,X tn ) = max d £ (X u ,x) 

Ki<n 


where 0 < t\ < ■ ■ ■ < t n is a partition of [0, T\. 

By using the arguments of m , p.196, we obtain for a certain partition ( Aj)\<j< n of the path space, 


||^F|| £ <^l (t; _ lA] ( S )^ e l^+f)^-)||d i /(X tl ,... ,X t J\\ £ 

1=1 i=l 

n n 

1=1 i=l 

We then use the previous lemma and finish the proof by monotone convergence when the mesh of 
the partition goes to zero. □ 

The previous proposition easily implies that 


lim sup ^-lnPa, [ sup d £ (X t ,x) > r ] < — - 


1 


r—>oo T 


. 0 <t<T 


2 Te 


i K +~)T 


Under further assumptions we can also provide a lower bound. 


Proposition 5.3 Assume that (15.1111 is satisfied with K = 0 and moreover that for any vector field 

Z, 


~Tr H {J 2 z )>p 2 \\Z\\l, 


where p 2 > 0. Then for every e, T > 0, 


lim inf 


r—>oo t 


lnP x ( 


, \ 1 (D 4e 2 3D , . , 

sup d £ (X t ,x) > r > (-b — --In (2) 


\ o <t<T 


T \ n T 2p 2 n 


where D 


1 + 


3k 

2p2 


n. 


Proof. Let us denote by p(x,y,t ) the heat kernel of the Markov process (X t )t> o- It was proved in 
[6] that, under the above assumptions, it satisfies the following (non-optimal) lower bound 


p(x,y,t) > 


p(B(x,Vt)) P ( 


4 (y,x) 2 

t 



4e 2 3D 
t 2p 2 n 



The result then easily follows from a similar argument as in m page 197. 


□ 


Since the horizontal distribution is bracket generating, then the family of Riemannian metrics 
converges when e —>• 0 to the sub-Riemannian distance that we denote by d. This distance is the 
distance intrinsically associated with the Dirichlet form associated to X. For this distance, we can 
get the following tail estimates. 
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Proposition 5.4 Assume that 15.111) is satisfied with K = 0 and moreover that for any vector field 

Z, 

— > P2\\Z\$, 


where p 2 > 0. Then for every T > 0, 


lim sup -=■ In P x 

r—>-+oo T 


( sup d(Xt,x)>r 
o <t<T 


1 

<- 

_ 2 T 


and 


lim inf 

r—>-+oo T 


2 In Pa; 


( sup d(X t ,x)>r 

o <t<T 


D 

~ ~2rtf’ 


where D = 


1 _i_ An. 

1 ^ 2p 2 


n. 


Proof. For the upper bound, we first observe that our assumptions imply that the metric measure 
space (M, d, p) satisfies the volume doubling property and that the uniform scale invariant Poincare 
inequality on balls is satisfied (see 0 )- The upper bound is therefore a consequence of Theorem 
3.9 in [5]. 

For the lower bound, it was also proved in [5] that for any 0 < e < 1 there exists a constant 
C(e) = C{d , k, p 2 ,s) > 0, which tends to oo as e —» 0 + , such that for every x, y € M and t > 0 one 


has 


C(e) 


-l 


p{B(x,Vt)) P V n(2-e)tj ' p(B(x,Vt)) 

This lower bound on the heat kernel implies the expected result. 


Dd(x,yf 


< p(x,y,t) < 


C(e) 


exp 


d(x,y ) 2 
(2 + e)t 


□ 
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